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An analytical investigation of the ultimate strength of longi-
tudinally stiffened plate panels having large plate width to thickness 
.'I,. 
ratios (plate buckles before the ultimate axial strength of panel is 
reached), and subjected to combined axial and uniformly distributed 
f 
lateral loads is presented. Of interest in this study are stiffened 
panels as used in· ship bottom plating. 
The emphasis is placed on the effect of lateral loads, resi-
dual stresses and b/t ratio on the ultimate axial strength of the 
panels. The results were obtained numerically on a digital computer. 
The following effects on the ultimate axial load were estab-
lished: 
1. Lateral loads cause a significant reduction. 
2. Compressive residual stresses in the plate have 
reducing influence. 
3. A large postbuckling strength can be expected for 
panels with large plate width to thickness ratios. 
~' 
'". 
\ A comparison between the analytical and test results shows 
that the method of analysis developed in this study can predict the 
~ 
·"\ ultimate strength of stiffened panels with relatively good accuracy. 
-l-· 
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J •. . •..:,.:-, .. _ ..• l I INTRODUCTION 
I 
1 It is well known that a flat plate under axial thrust can 
-cl 
carry· additional loads aft1er the elastic buckling of the plate by rea-
son of the constraint of the unloaded edges against the movement in the 
• • ,·' G> 13 ( 1 2 3 ) 
plane and in the lateral direction ' ' • 
Since in the panels used as ship bottom plating the plate 
represents the predominant portion of the cross-sectional area, the 
same phenomenon, the so called postbuckling strength, can be expected 
for the longitudinally stiffened plate panels which are subjected to 
the axial and uniformly distributed lateral loads. 
Test results show that stiffened plate panels with a rela-
tively high plate width to thickness ratio, 
a higher axial load than the plate buckling 
b 
- = 60, collapsed t 
1 d (4,5,6,7) oa • 
under 
In spite of the importance of predicting the ultimate 
strength for the design of stiffened plate panels, no analytical work 
has been done because of the complexity of the stress analysis in the 
plate after buckling. 
I 
\ 
Analytical studies on the postbuckling behavior of flat 
plates under the axial load have been performed by several investiga-
tors(J). Their results were presented as the relationship between the 
average stress in the plate and the unloaded edge strain. 
By assuming that the stress-strain relationship in the plate 
after its buckling can be represented by the .. ~verage stress vs. edge 
-2 .. 
.. ·1. ,.1 
·- ···-------·- -·---- ~------·----·---·····-·- ---------
---- ------ -------2-i.s-;-u.-- -~\-- --------------- --- -~~ --· ------···-·- -
-3 
•. ' 
... 
~ 
strain curve of a flat plate, the ultimate strength of stiffened plate 
.. 
panels can be obtained without complex analysis of the stress in the 
plate. The problem is then reduced to the ultimate strength analysis 
of the panels which consist of a plate and a stiffener having differ-
ent material properties. Although many formulas for the stress-strain 
relationship in the postbuckling range of the fl~i-plate are available, 
Koiter's formula is the most suitable for this problem(B). 
The set and fulfilled objectives of this study are as follows: 
(1) To develop a procedure for the ultimate strength analy-
sis of stiffened plate panels simultaneously subjected 
to axial and lateral loads. 
(2) To evaluate the effect of the lateral load on the ulti~ 
mate strength. 
(3) To evaluate the effect of residual stresses in the plate 
on the ultimate strength. 
(4) To evaluate the effect of the· b/t ratio of the plate on 
the ultimate strength. 
·! 
I 
' .··-:·'.:...i:.t;::.'t;~~-{ 
,.·~--~--~··-" 
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2. ASSUMPTIONS 
. " ~ . . -. 
1 
The following assumptions are the basis of this study: 
(1) The stress-strain relationship of the stiffener is 
idealized as shown i~ Fig. 1-a. 
-4 
·-
The stress-strain relationship for the plate is shown 
in Fig. 1-b. The elastic-plastic curve is assumed in 
tension, and the elastic-non-linear-plastic curve in 
compression. The non-linear part in this curve is 
given by Koiter's equation. 
• I 
(2) The residual stress distribution does not vary along 
the length. 
(3) There are no initial imperfections. 
(4) The axial load is applied at the centroid of the cross 
section, and the lateral loading is applied uniformly 
on the plate side of the panel. 
(5) No strain reversal is assumed to have taken place be-
fore reaching the ultimate load of the panel. 
(6) Stresses in the plate and the flange of the stiffener 
are constant through the thickness. 
(7) The effect of shear deformati6n is neglected. 
(8) The geometry of the cross-section does not change due 
to bending and buckling of the plate. 
(9) Plane cross-section remains plane after deformation. 
•.,•I·, < ' 
,_, I 
Ii 
:..-~,-·'.-' ·:-.~--~',,t· 
' ~ -!· ... 
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J. MOMENT-CURVATURE-AXiAL THRUST RELATIONSHIPS 
In the determination of the ultimate load capacity of a beam-
column, it is necessary to know the moment versus curvature relation-
ships under an axial load, namely M-0-P curves. If the M-0-P curves 
for the given cross-section are available the ultimate axial load for 
the column of a given length can be obtained from the column curves. 
These column curves are obtained by numerically integrating the differ-
ential equations derived in Art. 4. 
The moment-curvature-axial thrust relationship depends on the 
magnitude of the axial load, the moment, the dimensions of the cross-
section, the material properties of the members, namely the yield 
stresses of the plate and the stiffeners, and distribution and magni-
tude of residual stresses. 
The significant dimensions of a cross-section are shown in 
Fig. 2. It should be noted that the cross-sections shown represent a 
typical portion of a stiffened panel as indicated in the inserted 
sketch. I ' 
3.1 Residual Stresses 
The idealized residual stress distribution in the plate is 
assumed as shown in Fig. 3. The tensile residua 1 stress, which is of 
the same magnitude as the yield stress of the plate, is near the con-
nection of the stiffener. The compressive residual stress is distributed 
-5-
l . 
r 
.. 
........ ~,; .... -- ....... - ... 
• 
,.f 
248.14 Li, 
uniformly in the remaining portion of the plate. 
J, 
Since these residual stresses should initially be in equili-
r'\ 
brium, the width of the tensile stress zone c can be obtained from 
6"r 
C = b 
or+()YP -(3 .1) 
,, 
where () is the stress and the~subscripts rand yp designate the com-
pressive residual stress and the yield stress of the plate, and bis 
the width of the plate, that • 1s, the spacing of the stiffeners. 
For the convenience of later computations, the equation for 
~ 
c is nondimensionalized, namely 
6'r 
C 6cr 
-= -------
b 6'r + ~P 
6'c.r 6'cr 
where <S' is the elastic buckling stress of the plate. er 
~' . 
3.2 Buckling Stress of Plate 
I ' 
(3.2) 
.. 
Under the assumption that the plate in one subpanel has no 
effect on the deformations of the plate in the adjoining subpanel, the 
plate can be considered to be simply supported along the longitudinal 
" 
edges, that is, at the connection of the stiffener. This assumption is 
justified by the fact that plates in neighboring subpanels are expected 
to buckle in an antisymmetrical mode • 
~-. 
.. 
. The critical stress of a simply supported plate is given by 
,, . 
.. ,,,. ' I', ·, 
'· 
248.14 
(3 .• 3) 
, 
........... ·······--- ··-- ...... -·· ----·-· ,, .. -·- :----··. ___ ( ___ ... ·-· . ·-IC:~· - - . ,. 
,• 
where Eis the modulus of elasticity, tis the thickness of the plate,' 
' JJ is Poisson's ratio, and K is the plate buckling coefficient which is 
constant for a given ratio L/b 1_ L being the le.ngth of the plate. . . ... 
Since the ratio L/b for longitudinally stiffened panels is 
usually larger than 3, coefficient K is approximately equal to 4. Then 
the critical stress is a function of the ratio t/b only, namely 
6'cr = (3.4) 
This equation is applicable only to plates subjected to uni-
form compression. When residual stresses exist, the stress in the plate 
is no longer uniform. But since the width c/2 of the tensile residual 
stress zones is narrow in comparison with the width of the plate and 
these zones are at the eages where deflection of the plate is small, 
the effect of the tensile residual stresses on the buckling stress of 
the plate can be assumed to be negligible. It is assumed that the exter-
nally applied stress at which the plate buckles is reduced by an amount 
equal to· the compressive residual stress. 
3.3 Maximum Stress in Plate 
The stresses in the plate after buckling are distributed as 
shown in Fig. 4(lO). 
I . 
~. 
· .. • ...... ' 
• 
.. ~···k------ ., 
248.14 < ' . -
-8 
Koiter's formula gives in the elastic range the average 
. 
stress in the plate for a given strain at the connection of the stiff-
eners. Experiments have shown that it is reasonable to assume that the 
maximum average stress in the plate is the average stress corr~sponding 
to the yield strain at the connection of the stiffener. Howey~f.,_ if. 
residual stresses are as "Shown in Fig-. -3-, y:ieldi·ng will start at point 
A rather than at the stiffener. The maximum average stress in the plate 
•,, • •---•• t, • I I I••• IO I> L ,;:, 
under this limitation will be greater than for yielding at the stiffener, 
and it can be computed from the strain being greater than yield strain 
at the stiffener. 
The stress distribution in the plate is unknown, and it is 
assumed to be parabolic. 
Under this assumption the maximum average stress in the plate 
can be obtained by solving simultaneously the following two equations: 
-
Koiter 's equation giving the average stress o. / o as a function of p er 
the strain at the connection of the stiffener, and the relationship be-
tween the strain at the stiffener and the maximum average stress in the 
plate as controlled by yielding at point A of Fig. 3. 
(3. 5) 
-
Z ( cyp) + 3 [ ( I - c )z - / J ( 6'p \ 
Ccr b 6' er J rrr:JX (3.6) 
:~.-~· .. ··-=_,=;.-::· · -=-·-·. -~ : .... riBiiC.· ··111' · ·- ·-,:.....---.--... 1 _JP __ ,?-----·----·--·~ ..... j' ' 
.. ./ J 
., 
248.14 ·~· 
-9 
-----·------~ere ( ~;) max is the maximum average stress in the plate and ~: 
.... 
~-· .. r-1. 
is the strain at the connection of the stiffener. 
If the plate can not carry any additional load after buck-
ling, the maximum stress in the plate is -the buckling stress -o·f the 
plate. 
. -. 
3.4 Relationship between Moment, Curvature and Thrust 
3.4.1 Bending in Negative Direction 
·, 
The stress distribution in the cross-section for negative bend-
ing under axial load and with residual stresses is shown in Fig. 5. 
The axial force equilibrium for this distribution of stresses 
·c·an be written in the following form: 
where 
-ff ( E~ -6y.r )A~ -j3( Oys +EEe)A,. (3. 7) 
Pis the axial load, 
• 
A, Af' and A are the areas of the stiffener web, the w p 
stiffener flange, and the plate, 
4 and fe are the strains in the flange and the plate at 
the connection of the stiffener, 
tr is the yield stress of the stiffener, 
-ys 
6 is the average stress in the plate, p 
I 
248.14 
where 
where 
-10 
~ is the compressive residual stress in the plate, 
r 
f and g are the nondimensionalized yield penetration depths 
measured from the flange of the stiffener and from the plate, 
respectively. 
., 
The moment about the z-axis can be written, 
() 
... , . 
- f I ( 0td--f9d) ( Oys +EE~) AMI" (3 .8) 
d • the height of the stiffener, 
~ the nondimensionalized distance from the plate to the cen-
trald.cxthe cross section. It can be expressed by 
IV == A+ _!_ ( .&) 
V\ A + Z A (3.9) 
A is the total area of the cross-section. 
The relationship between the strains in the plate and in the 
flange of the stiffener, and the yield penetration in the stiffener can 
be given from the cross-sectional geometry by 
f d = I + Ee - tx.s d 
es, -Ee. 
... 
(3 .10) 
(3 .11) 
I ' 
248.14 -11 
.. (3 .12) 
where (I is the curvature. 
Equations 3.3, 3.4 and 3.5 can be nondimensionalized in the 
following way, 
• 
(3.13) 
where 
.... 
t·cr ;: the strain corresponding to the plate buckling stress, 
Ccr =- ~r/E, 
0cr = the curvature corresponding to the moment 
M = 6° s. 
er er 
8 • the section modulus with respect to the plate. 
Ea-~ f-l+ ~r Ecr 
..-k - ce 
(3 .14) 
f.c f' C.c 1"' 
Ee + c.ys 
q == &.r &..r 
o ~ Ee (3 .15) 
· Cc.r Ccr 
Substitution of Eq. 3.7 into Eqs. 3.8 and 3.9 gives 
(3 .16) 
and 
a .. OI ( Ee + Ee>!) I 
(J ~( Ccr ct) (3. 17) 
-~--!"l!,.•··: ... _,.-l!!!![!!!lllllm--------.....----~----.~ .. ---~-------;!!~ 
' ' .. •,' , ... 
\ 
248 .14 -11 
E.s - Ee (3.12) 
where 0 is the curvature. (.~ 
I ------•--,.. ==-====--·--
~ : . ,r ,:_ 
Equations 3. 3, 3 .4 and 3. 5 can be nondimensiorralized in the 
i .. 
fol lowing \.Jay,. 
(3. 13) 
where 
the strain car.responding to the plate buckling stress, 
c = D /E 
c.cr er ' 
0 
er 
the curvature corresponding to the moment 
M = 0 s. 
er er 
s the section modulus with respect to the plate. -
-
-1.L ~ ·-' .__ 
f - I + fer Ccr E~ E.e (3. 14) 
Ee(' Ccr 
Ee 
-t-
,-
c.ys 
~,.. 
I Ecr 81~~ Es E~ (3. 15) 
E,,. E,r 
Substitution of Eq. 3.7 into Eqs. 3.8 and 3.9 gives 
f == I - O< ( (3.16) 
and 
. -· -·-·------------.-..... -·--~-.... , ,1,'"--·--s- '-'m" ---- --~-·- -- - ------i---. -------~--- -- ' ·' 
i, 
I (3.17) 
,, . 
• 
--- -~---- --·-· -·-~-----~ 
. ,-·· --- - -;:; 
1 . 
' . 
------ .. --
i::::t. 
Ci 
1! 
,1 
l 
I 
I 
I 
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-
.. - ----· . I 
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Similarly, the nondimensionalized equations for the axial 
.. 
force and the moment are 
and 
where 
_ _L f (..f§ _ 6.rs) AMT"_ 1. d ( 6'ys + z11 ) ~ 
z ~r ~r A 2 (Jc,. cc1 ~ (3 .18) 
1-1 _ I _J_(...l_-r:x)(~- Ce)~+-4(1-Cl-l.f)(k- -~) Aw l-1c:r (i,) 2 J ~ & A Z 3 ~r &, A 
+ ( I-Ot'J( Ei -~s) _& -~ (_§ _ 6'p i- 6'r) _& Ee, 0-u A ~r a'cr 6'"c.r A 
_ io (0t- ..Lo J( 6'y.r ... Ee ) Aw-2, '3 q 6'c..-. cc,,. A (3 .19) 
p • · the critical axial load given by ~crA, er 
M the critical moment given by ~ S, er er 
A~ = the nondimensionalized section modulus given by 
the following expression: 
S = I ( _At + 2o< _ 30( :i. ) Ad 3~ A (3.20) 
From Eqs. 3.18 and 3.19 with Eqs. 3.16 and 3.17 the axial force 
and the moment for each strain state can be obtained in accordance with 
the following procedure: 
"' 
I' 
••• 
• I 
248 .14 -13 
~ &r {l) When both E
8 
and ( fe + E ) are smaller than the yield 
(2) 
strain of the stiffener £ , -f and g are equal to zero. 
I ys . 
When E 
s 
Eys and __ ..._ 
Ecr 
' l, . Es 
is smaller than c the terms containing --cys' c 
c.cr 
are equal to zero. 
/ 
/ 
,: · :·'' "'" .- ,.,, .... , ....... ~)·- ---When the stress in the plate 6;, is between 6' .. and the 
er 
····--,--~·-'"'·":· ...... tensile yield stress of the plate - ~yp, the term· (§,- ~) 6cr <Jct 
Ee is identical to E . 
er 
(4) When c is larger than E ce er' 
formula, Eq. 3.5, using c . 
e 
(5~~~~~n ~ is larger than Epmax' 
to 6' . pmax 
6 is computed from Koiter's p 
6' is constant and equal p 
An example of the application of this procedure is given below 
for the strain state, E '-. E + £ ) - '° c '- c '-. c · cr-1f? e r Lyp' ~ys"" c s.P c.ys· 
The strain diagram for this case is shown in the first row in 
Tab le 1-a. 
The equilibrium equation for the axial force is J 
Per _. G: _J_(_E!. _ Ee) & -(__§- Ee)_& 
p ~ Z fer Ee, A ~ Ecr A (3.21) 
Substitution of Eq. 3.13 into the above equation gives a simple form for 
P/P . 
er 
The moment is then 
p 
p 
er 
= -- (3.22) 
! 
,, 
' 
' 
. ·-·~·-• 
q; 
}-"" :-:--.~-
·•· 
( 
.. _ 
. ·-·· - ... -~,.,,_~, .... ~<_______,,_.-......, ..... _ ---· ------. 
--··-.·_;.-, •~· .·~· - .. '•O--,m~~ •- .,;•· ~-
··~ 
248.14 
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.... 
vM _ ~ .l(-1.-°' )(-'- -~)~ll"'-lX (.ff§-~)& Her (M) z . 3 . ~ Cc, if e:,,.. &.r A (3.23) 
All other strain states for the bending in the negative direc-
tion, and the equations for the corresponding axial thrust and moment 
·are listed in Table 1-a. 
The ultimate bending mome.nt is computed as the limit of the 
load carrying capacity of the cross-section under a constant axial load. 
The following two cases develop depending on the position of the neutral 
axis and thus, on the dimensions of the cross-section, the properties of 
the materials, and the magnitude of the axial thrust. 
(1) The neutral axis is in the web of the stiffener • 
. -
(3.24) 
where n is the nondimensionalized distance of the neutral axis from the 
plate and is defined by 
I n -------
z(~)( ~~) P _ (_fu}( ~} + ( 6i>nvJx _ Q}: ) Ae Fl, 6c< A crcr eter A (3.25) 
(2) The neutral axis is in the plate. 
( M ) .. _ ex ( tlr.s _ ~ ) A Hu flVJX tiJ) 6'cr ~,. A (3.26) 
where ~ is the stress in the plate and is computed from  
- I 
I 
I 
.• ! 
• I 
: I 
.. . 
; 
t, 
f. 
t,.IL I,-
•.• 
248.14 
~-ls. 
Of, I ( O're ) ( As) P · 6c,. - -T-fj 6'cr A - fh. "f (3.27) 
3.4.2 Bending in Positive Direction 
.... . . .~._, . ~-
Figure 6 shows the general strain state for the cross-section 
under a positive moment. By the same procedure as in the previous sec-
tion, the moment-curvature-axial thrust relationship can be obtained. 
The axial force in the nondimensionalized form is 
(3.23) 
The nondimensionalized moment is 
H _ I _l_(L- )(l!.-~J&..-.1.f(l-{}-Lf)(~+ ~)A..-t1c.r - (iJ-) l .3 0( Ccr Ccr A 2 3 6'cr Ecr A 
( )( .ft_.s +§.)At +ex { ~P _ o'r _ ts ) A, + I-~ Cler Ecr- A Der Oe~ Ccr- A 
- _J_q (rx - LQ ) ( te - ~Y.S ) A.,. 
2 (I 3 6 Ecr 6"r A (3 .29) 
,. 
, -~ 
f 
' 
~·-~; 
1 
l 
.\ 
8 
248.14 
and 
-.. 
I 
The yield penetration distances f and g are given by 
f = I - ry (-9... + <r"rs ) I 
~r o'er {1) 
a - 0< (~ o'e) I 
d - Cc, - 6er (t;,) 
-16 
(3.30) 
•• t 
(3.31.) 
Recalling the procedure described in the previous section, 
the equations of the equilibrium of the axial force and the moment for 
each state of strain can be obtained from Eqs. 3.28 and 3.29. These 
results are listed in Table 1-b. 
The niaximum bending moment for the positive bending can be 
considered for the following three cases in accordance with the position 
of the neutral axis. 
(1) The neutral axis is in the web of the stiffener. The 
maximum moment is 
(3.3'2) 
where n is the nondimensionalized distance from the plate to the 
neutral axis and is given by 
(3.33) 
(2) The neutral axis is in the flange of the stiffener 
-- --- ••'--·-- - -· .L-~-- ---- . ---- ·--·-·· - ··- - - - . _._ . --· ·-- --·--
·-· ~- -·- .. -----·---------·----------~-------- ------· 
·:,' 
-
' 
I 
• 
• 
'" 
) 
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(3.34) 
where 
<l's 
<rcr 
is the stress in the flange of the stiffener and can be de-
termined from 
~s _ -(~) Aw -(Opawu _ 6't) ~ + P 
~c.r <l'e,r A O'er <Tcr A Per 
I 
(i) (3.35) 
(3) The neutral axis is in the plate 
(3. 36) 
where 
~ { ( CSrs) A..r + _e_ CS-er - ~er A Per I (j) (3.37) 
3.5 Numerical Examples 
3.5.1 Procedure of Computation 
The moment versus curvature curves under the given axial load 
and with residual stresses in the plate can be computed from the equili-
brium equations of the moment and the axial force. Since Koiter's equa-
tion is used for the stress-strain relation of the plate in post-buckling 
range, it may be an easy way for the computation of M-0-P curves to start 
in assuming a strain in the plate. 
The steps of the computational procedure are as follows: 
. . ·~~-; 
' ' 
.._ ·-·. - ~- .. -
248.14 
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(1) Assume a strain in the plate, f. 
e 
-18 
(2) Compute the average plate stress corresponding to the 
assumed strain, 6' • p 
'"-(3) Compute the curvature from the equilibrium equation 'for 
the axia 1 load , ' 1 
(4) Compute the moment corresponding to tne curvature com-~ 
puted in step (3) • 
• (5) Change the strain in the plate and repeat steps (2) to 
(4). 
(6) After the computed moment becomes larger than 99% of the 
. 
maximum moment, the moment is assumed to change linearly. 
By this procedure 200 points of the M-0 curve were computed 
for each of a series of axial loads. Numerical computation was carried 
out on a GE225 digital computer. The program was written in Fortran 
language. The computer program is sutmnarized in the form of the block 
diagram in Fig. 7. 
3.5.2. Numerical Values for ExamEle Problem 
The dimensions and the material properties of the example panel 
are chosen the same as in the panels which were tested at Fritz Engineer-
ing Laboratory of Lehigh University in 1963 (6). 
Dimensions of Cross-SeGt-:L-ott--i--
L Aspect Ratio of Plate= b ~ 3.8 
Ii:> -
. - --~-- ·-----------·----··"··----------
\ 
Q 
248.14 
'( 
------------
Area of Stiffener 
Area of Plate 
A 
s 
= r. 0.16 
p . 
----- -F-1.ange Area o-f----St-i-ffener 
Total Area of Stiffener 
A 
.. . 
= ...!:. ::a 0.474 A 
s 
-~-
-~ 
Plate Width to Thickness Rat.id) b a - • t 60 
,I 
-19 
Material Propertie-s: 
Yield Stress of Plate = Cf • 36. 0 ksi 
YP 
Yield Stress of Stiffener~~ = 40.0 ksi ys 
Modulus of Elasticity= E = 29.9 x 103 ksi 
Po is son's Ratio 1:11 )-A ~ 0. 3 
Residual Stresses: 
Compressive Residual Stress = ~ = 4.0 ksi 
r 
Tensile Residual Stress = 36.0 ·ksi 
The following three cases of the stress condition in the plate 
were considered in this study • 
,. 
• (1) No residual stress in the plate. The maximum stress in 
the plate is then 
' (a) The stress computed from Eqs. 3.5 and 3.6 (with 
the postbuckling strength), • 
(b) The buckling stress of the plate (without the post-
buckling strength). 
• 
... 
.. 
.! 
' 
-· · .• ':.. ,'.:.. ...... ,J_ ... ,. 
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(2) The residual stresses shown in Fig. 4 are in the plate 
and ·the niaximum stress in the plate is the same as in 
the case of (1-a). 
3_._5.3. Numerical Re-sults-.. ". 
a. Moment Capacity of Cross-Section 
The maximum moments for the cross-section under various axial 
loads are plotted in Fig. 8. In this figure, the solid line ,.~~l:lresents 
,.,_/ ) 
j ./ the case with the postbuckling strength and without residual stresses. The 
dash-dot line shows the reduction of the moment capacity due to residual 
stresses. The broken line represents the case without both the post-
buckling strength and residual stresses. 
Since the cross-section is unsymmetric and the axial load is 
applied at the centroid of the cross-section, the positive moment capa-
city of the cross-section increases with the axial load until the stress 
irl the plate becomes a maximum. 
For the same reason and owing to the difference in the material 
properties between the plate and the stiffener, the moment at the maximum 
axial load is not zero, but has some negative value. 
b. Moment-Curvature-Thrust Curves 
The M-0-P curves for three cases, which are defined in Art. 
3.5.2, are shown in Fig. 9. 
' :1 
.. 
248.14 
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The solid line shows the case with the postbuckling strength 
.. 
and without residua,l stresses. The broken line represents the cross-
... 
section without the postbuckling strength and with-out residual stresses. 
The dash-dot line shows the case with both the postbuckling strength and 
residual stresses. 
. . .- . ~ 
-
The following characteristics Qf .... the M-0-P curves are observed: 
(1) The positive moment is maximum under a certain axial 
load, for this example P/P ~ 0.8. 
er 
(2) Moment capafities for positive and negative bending 
are not the same. 
(3) The moment at the zero curvature under a large axial 
load is not zero, but has some value. 
The computation of 200 points for the M-0-P curve required 
about two minutes of computing time. 
"ll._ •. 
I 
: -~ ;~ ! .::-1r;lt~,+.:..:. . . 
. - - --~ ·. _-,.:f_f 
I 
~----- ~ .. -........... _____ ----
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4. ULTIMATE STRENGTH OF STIFFENED PLATE PANE~ 
I 
In order to obtain the ultimate strength of stiffened plate 
panels under combined axial load and uniformly distributed lateral loads, 
a stepwise integration procedure can be used with given M-0-P·curves. 
At the start of this procedure, relationships between forces, 
moments, deflections and geometry must-be established for a small seg-
,. 
ment cut out from a panel. 
Jun Kondo developed these relationships and presented a numer-
ical method for the computation of the ultimate strength of stiffened 
plate panels in Reference 11. In his method, the maximum length of 
panels was computed for a given axial and lateral load by a stepwise 
procedure in which the curvature and the tnoment at'- the mid-height of the 
panels were chosen as initial values in the integration. 
The following assumptions are necessary for the derivation of 
the equilibrium equations and geometrical relationships: 
(1) The axial thrust is constant along the length of the 
stiffener. 
(2) The curvature changes linearly in a small segment. 
(3) Forces and moments are applied at the centroid of 
the cross section. 
The numerical results are presented in the form of column curves 
which give the slenderness ratio versus the axial load in Art. 4.2.3. The 
-22-
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effect of the plate width to thickness ratio on the ultimate strength 
is presented in Art. 4.2.3. 
' 
4.1 Relationship bet~een Fqrces and Deforl!lations .. _ _ _ _ .. • 
_ . . __ .• .z a a 
. .. 
The small segment cut out by two adjacent cross-sections is 
shown in Fig. 10. Forces, moments, and uniformly distributed lateral 
load are also shown in this figure. 
The curvature can be written as the ratio of the slope change 
to small segment length. 
where Q = the slope. 
dQ 
0 = ds (4 .1) . 
If· the curvature ch.anges linearly in the sma 11 segment, the curvature 
at any point in this segment can be expressed by 
where 
s 
0 :a 0. 
l 
the curvatures at the ith and the i+lth 
cross-sections, 
= the length of the segment, 
(4.2) 
= the distance of any point in the segment from 
ith cross-section. 
.. 
: . 
The slope is obtained by integrating Eq. 4.1 with respect to s, 
(4.3) 
J 
··• I 
• i 
t· 
.. 
.. 
248.14 
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.. 
The slope at the end of the segment is 
(4.5) 
The equilibrium conditions can be expressed by 
'. _,;' . '. 
(4.6) 
11 = ( 1-rtxxd) zh cose (4. 7) 
j~ -1- V sJ,, B + H U>S8 = o (4.8) 
The cross-sectional forces, V and H, and the moment, M, at 
any point in the segment can be obtained by integrating Eqs. 4.6, 4.7 
and 4.8. 
V = V; r ~b ( ~ - d; ) + gb · Ord ( cDs{) - UJS9;) 
- H,· ( r.- X.;) - BJ ( Z-'Z.; )z + jb -Ord (X.-X.;) rl/J B,-
In the above integrations, the following relationships are used 
~-
~ = sin Q ds 
dx 
- = cos g ds · 
(4. 9) 
(4 .10) 
(4.11) 
(4.12) 
(4.13) 
,. 
,. 
( 
.. 
'· 
--.. _.., __ 
' J 
-
\ 
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.. 
'-. 
th . At the end of the segment (the i+l cross-section) these 
forces and the moment can be written as 
.. ' 
"1+1-;.. V; +-Sb· A~+ f b · Ot'd ( c.osfJ;+ 1 - c.osB;) (4.14) 
H,., = H; + gh · 4X + 3h · 0td ( n'n a,.~, - .s/n &,- ) (4 .15) 
/ 
-Otd· (dd) ct>sf;,- + Ord. (dXj sJ,, O; (4.16) ( ',, 
) 
where 
~ x, ~ y = linear components of the length of the segment 
~s in x and y directions, 
.q the uniformly distributed lateral load, 
b = the width of the plate. 
Considering large deflections £1 x and ..d y can be written from the geo-
metry of the deflection curve in the following form, 
(4 .17) 
·"' 
(4.18) 
The length along the centroidal line is simply a sunmation of 
the lengths of the segments and can be written 
where 
(4 .19) 
j • the number of segments • 
.. 
,,,. 
. .,.. ... ,. ~ .... 
248.14 
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For the convenience of computation and discussion of the re-
sults, Eqs. 4.3, 4 .. 5 and 4.14 to 4.19 ean be nondtmens1on-ir1rzea··1i:Ctlie··· -· ···-
following way: 
The slope at any point in ·the segment is 
_,_ _j_ 
. ~ (4.20) 
• 
th The slope at the i+l cross-section is 
(4. 21) 
th The vertical and horizontal forces at the i+l cross-section 
are: 
k1tt <Xd 
~Ar 
and 
= V;cxd 
~rA r 
( 'lbrxd)(Ola)( , · ~) 
- 6'cr A r s1n8,.+ 1 -sm o/ 
(4.22) 
(4.23) 
,---·..,.·-·-~--·-----""-'·•·--~- .. 
~-··----4'Mo,li-.~ ........... -""'"""'-'"•""·~ ~-~------- --· 
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Th h . 1th e moment at t e i+ cross-section is 
Mi~,=- H,· _ ( V; rxd )( il_) ~ ( H,- CK d }(t1 X) 
~r Mer- ~er A r r 6'cr A r r 
_ ( 8b~ ) ) _L. (.i.) 2 +- i ( 4I) 2 G'crA { z r 2 r 
_ ( ~rd J ( ¥ J ws8; -( ¥) r/n I!); (4.24) 
The x, y components of As are 
LJt. =~case· - .l.(~}+J_(~'} (~)21.Ld) Ee, r r I 3 vtr 6 <fir r \0( (4.25) 
~ ... ~s,'n B,·+ i.( (/),·) +j_(12J.·,J (LlS)z(b) ~ r f 3 ~r b ¢,,.. r (Ya (4.26) 
where r is the radius of gyration about ·z axis shown in Fig. 2. 
The nondimensionalized radius of gyration rf,0<d can be estab-
lished from the geometry of the cross section by 
The length of the plate panel is given by 
1 = .. \ ~s 
r L r 
• J 
(4.27) 
(4.28) 
The deflection at the mid-height and the chord length of the 
panel are 
and 
I=\~ 
r Lr 
• J 
(4.29) 
, ... 
' 
t 
~ 
I 
I 
.. 
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4.2 Numerical Examples 
.1 
-28 
(4. 30) 
• • • • ' • • ' •••• '· ·•:-.. • ,,: • • • :" ,. ~ ! •' . - ••. ' ' : • • •• .4.2 .1. Procedure of Computation 
· ·· ·· · ·· ·-··· ...... ··•·· ··· · · · . ., · The ; t~pwise procedure is used to compute the u 1 t imate length 
I 
, I 
of the panels. 
'· 
Since the lateral load is applied uniformly and the deflection 
of the panel can be assumed to be symmetric as shown in Fig. 11, the 
shear force and the slope at the mid-height of the panel are equal to 
zero. Therefore, if the starting point for the computation is chosen 
at the mid-height of the panel, the curvature and the moment at this 
point can be taken as the initial values in the computation. 
The steps of the computational procedure for a given axial 
thrust and lateral loading are as follows: 
.. 
(1) Assume the curvature at the ·mid-height of the panel 
and read the corresponding moment from the M-0-P curve 
which was computed in Art. 3. 
(2) Select a segment length. 
(3) Assume the curvature at the next point. 
(4) Compute the slope at the next point, x and y compo,nents 
of the segment length from Eqs. 4.21, 4.26, and 4.25. 
\. 
Compute the deflection at the preceding point of the 
panel and the chord length from Eqs. 4.25 and 4.26. 
·, 
248.14 
. . . 
.. . . . . . . . . . . ... .. ·.:~ . : ~ .·· -,_ ~ .: ;~' . . •"1;,,• '>, I t•, 
,-.r.· 
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' (5) Compute the horizontal and vertical forces and the mo-
. . 
ment at this point from Eqs. 4.22, 4.23 and 4.24 with 
Ax/r and tjy/r computed in step (3). 
(6) Read the curvature corresponding to the moment in step 
(4) from the M-0-P curve. 
(7) 
) 
. " - .............. ......_ . 
' . . . .. . - -
If the difference between the computed cu1;vature and the 
curvature assumed in step (2) is larger than a certain 
value, reassume the curvature and repeat steps(3) to (7). 
When this difference becomes small, repeat steps (2) to 
(7).to obtain the next point. 
(8) Compute the segment length so that the zero moment is 
at the end of this segment. Compute the slope and forces 
at this point as the boundary values for the pinned-ends 
shown in Fig. 12. Compute the deflection at mid-height, 
the chord length and the total length of the panel. 
(9) Continue the computation of steps (2) to (6) until the 
slope computed in step (3) changes its sign. 
(10) Compute the segment length so that the slope at the end 
of this segment is zero. This corresponds to the fixed-
end condition shown in Fig. 11. Compute the moment and 
forces at the fixed-end. Compute the deflection at mid-
height, the chord length and the total length correspond-
ing to the fixed condition. 
(~l) Change the curvature at the mid-height of the panel and 
. .... - . . . . . . 
., 
•• #, 
.,..~,~. ---
-
____ ,-
-··---........ -
-
-
-·~ "I --"----~~,---e..-..,.,.,r--..,-, . 
.. 
~·· 248.14'- .. 
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repeat steps (2) to (9) until the value of the length 
computed in step (9) begins to decrease. 
(12) Compute the maximum length .for both pinned-end 
and fixed-end conditions. The maximum length is ob-
tained by maximizing the quadratic function whi.ch satis-
t -(/--) ] near the ulti-
cr o j 
f ies-~·'three sets of points 
..._ ...... 
mate point, where j = 1,2, and 3 as shown in Fig. 12. 
(13) Plot the curves of P/P versus L/r. ;, . er 
Numerical computation was carried out on the digital computer 
GE225. The program was written in Fortran language. This program is 
sununarized in the form of a block diagram in Fig. 13. About one minute 
was required for the computation of the maximum slenderness ratio for a 
given set of axial and lateral loads. The slenderness ratios for the 
pinned and the fixed conditions were computed at the same time • 
• 
4.2.2 Numerical Values for Example Problem 
The dimensions of the panel, meterial properties, the residual 
> stress pattern are the same as in the examples of Art. 3.5.2. 
In order to evaluate the effect of b/t ratio, three additional 
values of b/t, 50, 75 and 90, were used beside the value of 60 of the 
example. Three intensities of lateral lo~d were considered in this study, 
namely, 6.5 psi, 13.0 psi, and 20.0 psi. 
• 
··~- .............. _.. -· ·,; -· -·---- - - .... -·· 
. ----·--------·- - - - -- --.- ·-·.--· 
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/" 4.2.3 Numerical Resultsspf Co~putatio~ . ·-- -- .. . •· - ;.. - ( .. 
The maximum slenderness ratios for given axial loads were com-
puted. The results are tabulated in Table 2-a for the panels simply 
\ suppor·te·d at the ·loaded edges and in Table 2-b for the fixed-end panels. 
These results ·are plotted in Figs~ 14·and 15, where ~~e_curves are for .._, .... 
1 the ultimate load versus the slenderness ratio of the panels. 
\ 
It is interesting to observe in Fig. 14 that the effect of 
the axial load on the ultimate slenderness ratio of the pinned-end panels 
is quite insignificant for axial loads smaller than about P/P ~ 0.75. er 
For the fixed-end panels (see Fig. 15), however, this effect is can-
celled by the negative moment near the fixed ends. Therefore, the slen-
derness ratio decreases quite noticeably with an increasing a~ial load. 
The reduction of the ultimate load due to residual stresses 
is shown in Fig. 14 and 15 by broken lines. This reduction is slightly 
larger in panels with a small slenderness ratio. 
Figures 14 and 15 show also the effect of the lateral load on 
the ultimate load of the panels. There are three sets of curves for the 
three intensities of lateral load, 6.5 psi, 13.0 psi and 20.0 psi. 
of b/t 
The maximum slenderness ratios were computed for four values 
under a consta~t lateral load q = 6.5 psi. In this computation 
residual stresses were neglected. The results are given in Table 3 and 
plotted in Fig. 16 and 17 as curves of ultimate axial load versus b/t 
ratio. The solid line shows the ultimate load for panels including the 
postbuckling strength and the broken line represents the ultimate load 
·I --. • .:: ' • 
• 0 
.... 
I 
' . . . . . . . -·· ·-·· ~ 
I,. 
..... -
.!£ 
-----·-·.' . 
... 
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I 
without the postbuckling strength. 
....... 
. ..... 
4.3 Comparison with Test Results 
'I. 
The test results, which were obtained at Fritz Engineering.Lab-
.. oratory of Lehigh University in 1963, are plotted ·in Fig. 15. Point num-
bers correspond to the test specimen numbers of Reference 6. The slender-
ness ratios of these specimens were computed for the cross-section which 
consists of a plate and a sti.ffener as shown in Fig. 2, not for the total 
cross-section. Specimen T-13 was tested under 6.5 psi lateral load and 
Tl4 under 13.0 psi. 
Since Tl3 had some initial eccentricity so that the initial 
deflection due to lateral load was almost zero, the specimen failed un-
der an axial load which was too high. This is reflected in the plot by 
the position of the Tl3 point relative to the broken line for q = 6.5 psi. 
On the other hand, the test result of Tl4 shows a good corre-
lation between the analytical result and the test. 
··"·. 
\ 
. ...:'-•· • I ·--· 
248.14 
, 5. CONCLUSIONS 
5.1 Conclusions 
...... 
The following conclusions can be drawn-from the results of 
this study: 
(1) The comparison of the test results with the computed 
curves shows a relatively good correlation. This in-
dicates that the procedure is sufficient for design 
purposes. 
(2) Figures 14 and 15 show a large reduction of the ultimate 
strength of the longitudinally stiffened plate panels 
due to uniformly distributed lateral load. 
(3) A large reduction of the ultimate strength takes place 
due to residual stresses, and this reduction is slightly 
larger for panels with small slenderness ratios. 
(4) Figures 16 and 17 show that the panel with a large b/t 
ratio has a large postbuckling strength. 
5.2 Recouunendations for Future Research 
As an extension of this study, the numerical analysis should 
be done for other panels with dimensions in the range of practical ship 
bottom plating. Results of such an analysis should be sununarized in the 
form of design nomographs analogous to the nomographs developed in Ref.11. 
-33-
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To improve the analytical method it is important to study the 
effect of the following factors on the ultimate strength of longitudinally 
stiffened plate panels: 
- (1) Residual stresses in the stiffener. 
·. 
. -(2) ·change of the cross-sectional shape due to buckling 
of the plate. 
(3) Initial imperfections. 
Experimental studies may be desirable to verify analytical 
results. 
.. 
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6. NOMENCLATURE 
Q - - . . - ·- -
total area of the cross-section 
f lang~ ar.ea of the stiffener 
plate area~ A = ht 
. I?. . . . . ~ . . . . . . . . . . 0 •· .. , . . . . . ... .... . - . 
-area- -of. the stiffener 
. -:·~ ~ .. ~ . <···-· .. ~-~- .. 
-~, 
.,re:~:.::.-:.;, 
... ·- : 
-- -,·:. - - - . ...-·: . ·,.- ·"" -·- - ~ j, .. _ .'"- .... -- ' -· .. ~ - •• 
A web area of the stiffener 
. - '"; ,•. ·- . . . ·- - - - .~ . . - . 
w 
b width of the plate 
c width of the zone of the tensile residual stress 
d depth of the stiffener 
E modulus of elasticity 
f nondimensionalized yield penetrating distance from the flange 
of the stiffener 
8 
H 
L 
M 
M 
er 
n 
p 
nondimensionalized yield penetrating distance from the plate 
horizontal force 
horizontal force at the th i section 
hprizontal force at the . 1th section 1.+ 
I 
/ 
plate buckling coefficient 
length of the panel 
moment at any point 
moment expressed as 
~r 
s 
moment at the .th section l 
moment at the i+l th section 
nondimensionalized distance from the plate to the neutral axis 
axial thrust 
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" 
q 
r 
s ,, 
. . A 8 
.... ~ 
s 
t 
V 
X 
y 
(Jcr 
6'p 
axis 1 thrust given as A 6' 
er 
·,. 
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. ... ,... . ··- --.-;-:~,~-~~~~-.,..__: . -... . -.. ....,.....,.,..-
uh if orm ly distributed lateral load 
radius of gyration about z axis 
length along the centroidal line 
length of the seg~~nt 
section moduluswith reference to the plate 
thickness of the plate 
vertical" force 
vertica 1 force at the th i section 
vertica 1 force at the . 1th 1.+ section 
coordinate x at any point 
coordinate x at the ith section 
coordinate y at any point 
coordinate at the .th section y 1. 
-,..-
nondimensionalized distance between the plate and the cen-
troid of the cross-section. 
strain • the plate at the buckling load in 
strain • the plate at the connection in 
strain • the flange of the stiffener in 
() 
slope at any point 
slope at the .th section 1. 
slope at the . 1th 1.+ section 
Poisson's ratio 
buckling stress of the plate 
average stress in the plate 
to 
I 
I 
the stiffener 
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6' pmax 
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<r· ,, yp 
cr ys 
G'" r 
0 
0cr 
"1 
01+1 
., 
: \ 
.. . 
~. 
maximum average stress in the plate 
·, 
yield stress of the plate 
yield stress of the stiffener 
compressive resi~ual str.ess in the plate 
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